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EIGENFUNCTION EXPANSIONS FOR THE SCHRODINGER 
EQUATION WITH AN INVERSE-SQUARE POTENTIAL 

A.G. SMIRNOV 

Dedicated to Professor I. V. Tyutin on the occasion of his 75th birthday 


Abstract. We consider the one-dimensional Schrddinger equation —f" + 
q^f = Ef on the positive half-axis with the potential = (k,^ — l/4)r~^. 

For each complex number we construct a solution u'^{E) of this equation 
that is analytic in k: in a complex neighborhood of the interval (—1,1) and, 
in particular, at the “singular” point «; = 0. For — 1 < «: < 1 and real 
I?, the solutions u^{E) determine a unitary eigenfunction expansion operator 
: 7/2(0, oo) L 2 (M, where is a positive measure on R. We 

show that every self-adjoint realization of the formal differential expression 
—d^ + for the Hamiltonian is diagonalized by the operator for some 

I? E R. Using suitable singular Titchmarsh-Weyl m-functions, we explicitly 
find the measures and prove their continuity in and i?. 


1. Introduction 

This paper is devoted to eigenfunction expansions connected with the one- 
dimensional Schrodinger equation 

(1) - d^f{r) + = Ef{r), r > 0, 

where k and E are real parameters. It is easy to see that the function /(r) = 
r^^'^JuiE^^'^r), where is the Bessel function of the first kind of order k, is a 
solution of o for every E > 0 and k G M. (this follows immediately from the 
fact that Jk satisfies the Bessel equation). These solutions can be used to expand 
square-integrable functions on the positive half-axis K+ = (0,oo). More precisely, 
given K > —1 and a square-integrable complex function tp on K+ that vanishes for 
large r, we can define the function ip on R_|_ by setting 
- 1 f°° 

(2) ip{E) =—= / ^/rJK.i'/Er) 1 p(r) dr, E > 0. 

V2 Jo 

The map ip ^ ip wp to a change of variables then coincides with the well-known 
Hankel transformation [I] and induces a uniquely determined unitary operator in 
L 2 (R-i-). Since the development of a general theory of singular Sturm-Liouville 
problems by Weyl [2], this transformation has been used by many authors to 
illustrate various approaches to eigenfunction expansions for this kind of prob¬ 
lem [3l 101H [8] . 

If K > 1, then transformation © is the unique eigenfunction expansion associ¬ 
ated with o up to normalization of eigenfunctions. On the other hand, for |/^| < 1, 

Key words and phrases. Schrodinger equation, inverse-square potential, self-adjoint extension, 
eigenfunction expansion, Titchmarsh-Weyl m-function. 
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a one-parametric family of different expansions can be constructed using solutions 
of ([T|) (see Chap. 4 in El)- The reason for this ambiguity is that the formal differ¬ 
ential expression for the Hamiltonian 


( 3 ) 


-dl + 


- 1/4 


r 


2 


does not uniquely determine the quantum-mechanical problem for |k| < 1 and ad¬ 
mits various self-adjoint realizations in L 2 (K+) that yield different eigenfunction ex¬ 
pansions. In [9], all self-adjoint realizations of ([3]) were characterized using suitable 
asymptotic boundary conditions and the corresponding eigenfunction expansions 
were explicitly found. 

In both [4] and [9], the cases 0 < |k| < 1 and k = 0 were treated separately 
and eigenfunction expansions for k = 0 could not be obtained from those for 0 < 
|k| < 1 by taking the limit k —^ 0. This situation is not quite satisfactory from the 
physical standpoint. In particular, self-adjoint operators associated with ([3]) can be 
used to construct self-adjoint realizations of Aharonov-Bohm Hamiltonian [lOj . in 
which case zero and nonzero k correspond to integer and noninteger values of the 
dimensionless magnetic flux through the solenoid. Hence, the existence of a well- 
defined limit K —>■ 0 is necessary to ensure the continuous transition between integer 
and noninteger values of the flux in the Aharonov-Bohm model. Here, we propose a 
parametrization of self-adjoint realizations of ([3]) and corresponding eigenfunction 
expansions that is continuous in k on the interval (—1,1) (and, in particular, at 

K = 0). 

We now formulate our main results. Let A denote the Lebesgue measure on R and 
C(j°(]R 4 d be the space of all smooth functions on R+ with compact support. Given 
a A-a.elJ defined function / on R+, we let [/] denote the equivalence class of / with 
respect to the Lebesgue measure on R+ (i.e., the restriction of the measure A to 
R+). For every k £ M, differential expression ([3]) naturally determines the operator 
h^, in L 2 (R-i-) whose domain Df^ consists of all elements [/] with / £ C'(j“(K+): 


K[f] = [-f" + qj], /£Co°“(M+). 


Here, denotes the potential term in ([S]), 

(5) q^{r) = r £ R+. 

The operator is obviously symmetric and hence closable. The closure of is 
denoted by h^,, 


(6) /ik = 

The self-adjoint extensions of (or, equivalently, of h^) can be naturally inter¬ 
preted as self-adjoint realizations of formal expression ([3]) (cf. Remark 0 below). 
For any z, r £ C, we define the function m”(z) on R+ by the relatioifl 

(7) u^{z\r)=r^/‘^+‘^X^{r^z), r £ R+, 


^Throughout the paper, a.e. means either “almost every” or “almost everywhere.” 

^For brevity, we let u'^{z\r) denote the value of the function u'^(z) at a point r: u'^{z\r) = 
(n«(z))(r). 
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where the entire function is given by 


( 8 ) 


^«(C) = 


oo 




2^ - 
n=0 '■ 


n + l)n!2^" 


Ce C. 


The function is closely related to Bessel functions: for z ^ 0, we have 

(9) x,{Q) = 


Because Ji^ satisfies the Bessel equation, it follows that 

(10) - d^u'^'^{z\r) + q,^{r)u'^'^{z\r) = zu^'^{z\r), r S R+, 

for every k G C and z ^ 00 By continuity, this also holds for z = 0. In particular, 
u^^{E) are solutions of spectral problem ([IJ for every k,E G^. 

Given a positive Borel measure cr on R and a cr-measurable complex function g, 
we let Tg denote the operator of multiplication by g in T 2 (R, cr)0 If is real, then 
Tg is self-adjoint. For k > —1, we define the positive Radon measur^l Vk on R by 
the relation 

( 11 ) dV^{E) = ^e{E)E^dE, 

where 0 is the Heaviside function, i.e., Q{E) = 1 for i? > 0 and Q{E) = 0 for 
E < 0. Let L 2 (i^-i-) denote the subspace of L 2 (R+) consisting of all its elements 
vanishing A-a.e. outside some compact subset of R+. 

It is well known (see, e.g., [SEIE]) that the operator is self-adjoint and can be 
diagonalized by Hankel transformation ([2]) for /c > 1. In terms of functions u'^{z), 
this result can be formulated as follows. 


Theorem 1. Let n > —1 and the measure Vk on R he defined by (HB. Then there 
is a unique unitary operator Uk.'- L 2 (K+) —t -I^ 2 (®., Vk) such that 

POO 

{U,fi){E)= u>^{E\r)fi{r)dT, G L§(R+), 

Jo 

for Vii-a.e. E. The operator where l is the identity function on R (i.e., 

i{E) = E for all E G M.), is a self-adjoint extension of that coincides with Hk 
for K > 1. 

By ([7]) and (|9]), we have u'‘(iii|r) = E~'^^‘^r^l’^ Jf,_{E^I’^r'), r G R+, for every > 0. 
The operator t7„ hence coincides with transformation Q up to normalization of 
eigenfunctions. We note that /i„ = /i|^| for all k G R and h^, is therefore diagonalized 
by t/|K| for all real k such that |k| > 1. If 0 < /c < I, then is the 

Friedrichs extension of h^, (see my 

We now turn to parametrizing all self-adjoint extensions of /i„ in the case — 1 < 
K < 1. Let 

0 = {k G C : K ±1,±2,...}. 

For K G 0 and d, z G C, we define the function m5(z) on R+ by setting 


( 12 ) 


u^{z) 


u'^{z)sm{'d— u '^{z)sin{d —'d^) 
sinTTK 


kg ^\{0}, 


^Here and hereafter, we assume that the function on is defined by (O for all K G C. 
'^More precisely, 'Tg is the operator in L 2 (R,o') whose graph consists of all pairs (v^i,v^ 2 ) such 
that € L 2 (M, cr) and q:) 2 (E) = g[E)<.p\[E) for cr-a.e. E. 

^We recall that a Borel measure cr on R is called a Radon measure on R if cr(K) < oo for every 
compact set R" C R. 
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and 


(13) u^{z\r) = lim M;)(z|r) = 
)-0 

2 

= u^{z\r) cos-d H— 

TT L 


(log ^ + 7 ) u°{z\r) - y/ry{r'^z) 


sind, r S 


where 

(14) 

the entire function y is given by 


= 


TTK 


and 7 = lim„^oo (cn — logn) = 0, 577... is the Euler constant^ 
Given a G K., we set Ra = {z G C : z = re®“ for some r > 0} and 


(15) 


Ca = C\i?a. 


^+) 


Hence, Cq, is the complex plane with a cut along the ray Ra- 

The next statement shows that, in spite of its piecewise definition, the quantity 
M^(z|r) is actually analytic in all its arguments. 


Lemma 2. There is a unique analytic function F in the domain x <C x C x Ct^ 
sueh that F{K,‘d, z,r) = M^(z|r) for every d, z € <C, n € and r G K+. 

The proof of Lemma [5] is given in Appendix 


For every k G ^ and d,z G C, equality (nni) also holds for ujj(z) in place of 
M^'^(z) (this obviously follows from (jT^ for k G ^ \ {0}. By LemmajH we can take 
the limit k —>■ 0 and conclude that the same holds for k = 0)0 

Further, for every k G (—1,1) and i? G K, we define a positive Radon measure 
Vk ,-0 on R as follows. If 0 < |k| < 1, then we set 


(16) 


TT sin \ 

2k sin('i?+’i9K) sin('i9— 




d G [-|i?k|, \d^\] + ttZ, 
d G (Id^l,?! - |i?k|) + ttZ, 


where d^, is defined by (HI, the positive Radon measure on R is given by 


(17) dV^,s{E) = 

1 0(i?)sin^7rK 

^- o - o - dh/ 

2 E~'^ sin^(d + i?k) — 2 cos7rKsin(i? + dn) sin(i? — d^) + sin^(d — dn) 

and 5e^ is the Dirac measure at the point 


(18) 


/ sin(i^ + iIk) 

Vsin(i? - iIk)/ 


®To compute the limit of u'^{z\r) as k —^ 0, we must apply L’Hopital’s rule and use the equality 
r^(l + n)/r(l + n) = Cn — 7 (see formula (9) in Sec. 1.7.1 in [12j V 

^Alternatively, we can express u^{z\r) in terms of the Bessel functions Jq and yp by means of 
the equality 7 ryo(^) = 2 ^7 + log '7o(C) ~ 23^(C^) formula (33) in Sec. 7.2.4 in [12]) and use 
the Bessel equation. 
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For K = 0, the measure Vk,i 9 is defined by taking the limit k —>• 0 in formulas (fTHI) - 
(Hg. This yields 


(19) 

where 


Vo,^ = < ^2 


\Eo 

2 sin2 ^ 


Vo,i9, 


V, 


0,1?) 


I? S ttZ, 
I? ^ ttZ, 


„7r cot 


(20) Eq.^ — —e” 

and the positive Radon measure Vq,,? on R is given by 


dVo.,?(^^) = X- 


e{E) 


-dE. 


^ ^ o.«v ; 2(cosi? —TT 1 logifsind)^ + sin^ I? 

The next theorem describes self-adjoint extensions of Hk for — 1 < k < 1 in terms 
of their eigenfunction expansions. 


Theorem 3. Let —1 < k < 1. For every d G R, there is a unique unitary operator 
Uk,^' .b 2 (R+) —)> L 2 (R, V„_.| 3 ) such that 

poo 

= / u^{E\r)'ilj{r)dr, 'tp G 
Jo 

for Vn^^-a.e. E. The operator 

where t is the identity function on R, is a self-adjoint extension of hK- Conversely, 
every self-adjoint extension of hn is equal to /i^.i? for some i? S R. Given € R, 
we have if and only if t) — t)' € ttZ. 

For I? = !?„, we have V^.,^ = Vk and u^{z) = uff{z) for all 2 G C, and the operator 
[/k,i? therefore coincides with the Hankel transformation Uk- 

The expansions described by Theorem [3] have the advantage that neither the 
eigenfunctions u'^{E) nor the spectral measure^ Vk,i? have any discontinuities at 
K = 0. This follows from Lemma [2] and the next theorem. 


Theorem 4. Let (p he a continuous function or a bounded Borel function on R 
with compact support. Then (K,d) —>■ f ip{E) dVK.,-d{E) is respectively a continuous 
function or a Borel function on (—1,1) x R that is bounded on [—a, a] x R for every 
0 < a < 1. 

Our main results are Theorems |3] and SI We also give a new proof of Theorem [1] 
based on locally defined singular m-functions (see below). 

To prove Theorems [1] and [3l we use a recently developed variant of the Titch- 
marsh-Weyl-Kodaira theory lai- In those papers, a generalization of the notion 
of the Titchmarsh-Weyl m-function was proposed that is applicable not only to 
problems with a regular endpoint but also to a broad class of Schrodinger operators 
with two singular endpoints. Using such singular m-functions leads to a notable 
simplification in the treatment of eigenfunction expansions in comparison with the 
general theory mM based on matrix-valued measures (but we note that the results 


®In this paper, the term “spectral measure” always refers to a certain positive measure on R 
whose precise definition is given in Proposition 1141 This usage differs from that adopted in m, 
where this term was applied to projection-valued measures in a Hilbert space. 
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in for eigenfunction expansions can be easily derived from Kodaira’s general 
approach [13]; see Remark ITHl belowl. 

The paper is organized as follows. In Sec. O we give the general theory con¬ 
cerning self-adjoint extensions of one-dimensional Schrddinger operators and their 
eigenfunction expansions. The main statement in that section, Proposition 1141 is 
similar to Theorem 3.4 in |8], but unlike the latter gives a local version of the for¬ 
mula for the spectral measures. This allows using different m-functions for different 
regions of the spectral parameter. In Sec. [31 we give a proof of Theorem [T] illus¬ 
trating this local approach to finding spectral measures and establish Theorem |3| 
Section |4| is devoted to the proof of Theorem |4| 

2. One-dimensional Schrodinger operators 

In this section, we recall basic facts [sj [Tu [n] concerning self-adjoint exten¬ 
sions of one-dimensional Schrodinger operators and briefly describe the approach 
to eigenfunction expansions developed in BM- A distinctive feature of the sub¬ 
sequent exposition is that it uses the notion of a boundary space (see Definition |6| 
below) that can be viewed as a formalization of the concept of a self-adjoint bound¬ 
ary condition. Using boundary spaces allows treating the limit point and limit 
circle cases on equal footing whenever possible, which makes the presentation of 
results clearer. 

Let —00 < a < b < oo, Aa,6 be the restriction to (a, 6) of the Lebesgue measure 
A on R, and 2? be the space of all complex continuously differentiable functions on 
(a, b) whose derivative is absolutely continuous on (a, b) (i.e., absolutely continuous 
on every segment [c, d] with a < c < d < b). Let g be a complex locally integrable 
function on (a, 6). Given z € C, we let denote the linear operator from 2? to 
the space of complex Aa,b-equivalence classes such that 

(22) = -/"(O + qir)f{r) - zf{r) 
for A-a.e. r G (a, b) and set 

■ 

For every f £ V and z G C, we have Iq^zf = Iqf — z[f], where [/] = is the 

Aa.fe-equivalence class of /. For every c G (a, 5) and all complex numbers z, Ci, and 
C 2 , there is a unique solution / of the equation Iq^zf = 0 such that /(c) = and 
f'{c) = C 2 - This implies that solutions of lq,zf = 0 constitute a two-dimensional 
subspace of V. The Wronskian Wr{f,g) at a point r G (a, 5) of any functions 
f,g £ V is defined by the relation 

(23) Wr{f,g) = f{r)g'{r) - fir)g{r). 

Clearly, r —>• Wr{f,g) is an absolutely continuous function on (a, 5). If / and g are 
such that r —>■ Wr{f,g) is a constant function on {a,b) (in particular, this is the 
case when / and g are solutions of Iq^zf = lq,zg = 0 for some z £ C), then its value 
is denoted by iV(f,g). It follows immediately from (1331) that the identities 

(24) Wr(fl,f2)Wr(f3, Ia) + lU, (/l, /a) W. (/4, h) + Wr{h. h)Wr{h, U) = 0, 

(25) Wr{hf 2 ,hh) = h{r)h{r)Wr{h,h) + Wr{h, h)f 2 {r)h{r) 

hold for any /i, / 2 , /a, fi£'D and r £ (a, b). 

In the rest of this section, we assume that q is real. Let 

Vq = {f £ V : f and Iqf are both square-integrable on (a, 5)}. 
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A Aa,b-ineasurable complex function / is said to be left or right square-integrable 
on {a,b) if respectively \ dr < oo or |/(t)P dx < oo for any c G (a, 6 ). 
The subspace of T) consisting of left or right square-integrable on (o, b) functions / 
such that Iqf is also respectively left or right square-integrable on (a, b) is denoted 
by or 2?^. We obviously have Vq = It follows from (1^ by integrating 

by parts that 


/ {{lq,zS){r)g{r) - f{r){lq^^g){r)) dr = Wd{f,g) - Wcif,g) 

J C 

for every /, (/ G 2?, z G C, and c, d G (a, 6 ). This implies the existence of limits 
Wa{f,g) = liuiriaWr{f,g) and Wb{f,g) = lim^th ITr(/, g) respectively for every 
ff9 and f,g &T>q. Moreover, it follows that 


(26) 


{Iqf, [d]) - {[f],lq9) = Wbif.g) - Waif,9) 


for any f,g€ Vq, where (•, •) is the scalar product in 272 ( 0 , b). 

For any linear subspace Z of Vq, let LqiZ) be the linear operator in 272 ( 0 , 6 ) 
defined by the relations 


(27) 


DL^iz) = {[/] : / e ^}, 

LqiZ)\f] = lqf, f€Z. 
We define the minimal operator Lq by setting 
(28) 
where 


Lq = 27 ,( 2 ?°) 


(29) 2?° = {/ G 2?, : Waif, 9 ) = Wbif,g) = 0 for any g G 2?,}. 

By (E51) . the operator LqiZ) is symmetric if and only if Waif,g) = Wbif,g) for 
any f,g€ Z. In particular, L, is a symmetric operator. Moreover, L, is closed and 
densely defined, and its adjoint L* is given by 

(30) L*q = LqiVq) 

(see Lemma 9.4 in [14)1. If T is a symmetric extension of Lq, then L* is an extension 
of T* and hence of T. In view of (I30L this implies that T is of the form LqiZ) for 
some subspace Z of 2?,. 

Remark 5. Self-adjoint operators of the form LqiZ) can be naturally viewed as 
self-adjoint realizations of the differential expression —d^/dr"^ + q. If LqiZ) is self- 
adjoint, then equality (l30ll and the closedness of Lq imply that LqiZ) is an extension 
of Lq because LqiVq) is an extension of LqiZ). Therefore, the self-adjoint realiza¬ 
tions of the expression —d^/dr"^ + q are precisely the self-adjoint extensions of the 
minimal operator Lq. 

Definition 6. We say that a linear subspace X of 2?^ is a left boundary space if 

1. if Waif,g) = 0 for any f,g G X and 

2. if 5 G A whenever g GVq satisfies the equality Waif, ff) = 0 for all / G A. 

Replacing Vq with Vq and a with b, we obtain the definition of a right boundary 
space. 
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Definition 7. If Wa{f,g) = 0 for any f,g G then q is said to be in the limit 
point case (l.p.c.) at a. Otherwise q is said to be in the limit circle case (l.c.c.) at 
a. Similarly, q is said to be in the l.p.c. at b if Wb{f,g) = 0 for any f,g and 
to be in the l.c.c. at b otherwise. 

Clearly, q is in the l.p.c. at a or 6 if and only if 2?^ or is the respective unique 
left or right boundary space. Given f G or f G we set 

(31) V^^j = {gGV^^:Wa{f,g)=0}, = {g G : Wbif,g) = 0}. 

For every E G R, we let S'g ^ and 5'^ ^ denote the respective sets of all nontrivial 
real elements / of 2?^ and such that lq,Ef = 0. 

The next proposition reformulates well-known results concerning self-adjoint ex¬ 
tensions of Lq (see, e.g.. Sec. 9.2 in [Tl]) in the language of boundary spaces. 

Proposition 8. Let q be a real locally integrable function on {a,b). Then the 
following statements hold: 

1. Let X and Y respectively he left and right boundary spaces. Then the oper¬ 
ator Lq{X ny) is a self-adjoint extension of Lq. 

2. Let Lq{X n y) = Lq{X fl y) for some left boundary spaces X and X and 
right boundary spaces Y and Y. Then we have X = X and Y = Y. 

3. Let E G M. and f G Sq ^ or f G Sq Then 2?^ ^ or 2?^ j is respectively a 
left or right boundary space. 

4. Let z G C. Then q is in l.c.c. at a or at b if and only if every f G T> such 
that lq,zf = 0 is respectively left or right square-integrable on {a,b). 

5. If q is in l.p.c. either at a or at b, then every self-adjoint extension of Lq 
is equal to Lq{X DY) for some left boundary space X and right boundary 
space Y. 

6. Let q be in l.c.c. at a or b and E G M.. Then every left or right boundary 
space is respectively equal to 2?^ j or 2?^ ^ for some f G Sq ^ or f G Sq 

The operators of the form Lq{Xr\Y), where X and Y are left and right boundary 
spaces, are called self-adjoint extensions of Lq with separated boundary conditions. 

Remark 9. As mentioned above, boundary spaces can be thought of as self-adjoint 
boundary conditions. In this sense, the domain of Lq{X fl y) consists of (the 
Aa,6-equivalence classes of) all elements of Vq satisfying the self-adjoint boundary 
conditions X and Y on the respective left and right. 

Remark 10. Let / and g be linear independent solutions of Iq^zf = lq,zg = 0, where 
Imz zfz. 0. Suppose / satisfies a self-adjoint boundary condition at a (i.e., belongs 
to some left boundary space). Let A denote the set of all C G C such that g -\- Cf 
belongs to some right boundary space. Then A is either a one-point set or a circle 
depending on whether q is in the l.p.c. or l.c.c. at b. Moreover, A is the limit of the 
circles Ac obtained by replacing b with a regular endpoint c G (a, b) in the definition 
of A. Such a limit procedure was originally used by Weyl [2] to distinguish between 
the l.p.c. and l.c.c. 

If q is in the l.p.c. at both a and b, then statement 1 in Proposition[8]implies that 
the operator Lq{T>q) is self-adjoint. In view of (l30l) . it follows that Lq is self-adjoint. 
For every / G 2?^, we set 

(32) 


Lfq=Lq{V[jnV'q). 
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Lemma 11. Let E gM. and q be in the l.c.c. at a and in the l.p.c. at b. Then the 
self-adjoint extensions of Lq are precisely the operators L^, where f G For 

f,gGS^^ g, the equality = L® holds if and only if g = cf for some real c ^ 0. 


Proof. The first statement follows immediately from statements 1, 3, 5, and 6 in 
Proposition [51 Let f.gGS’'^^. li g = cf, then we have 

(33) 


jyl 


= 

q^9 


by dSIl) and therefore = L®. Conversely, if = L^, then statements 2 and 3 
in Proposition [5] imply equality (I55|) . Because / G 21^ ^ by (I5T|) , we conclude that 
/ G Vgg and hence Wa{g,f) = 0. Because Iq^^f = Iq^^g = 0, it follows that 
W(g, f) = 0, whence g = cf. □ 


We now consider the eigenfunction expansions associated with Lq. 

Let O C C be an open set. We say that a map m: O — >■ P is a q-solution in 
O if lq^zu{z) = 0 for every z G O. A g-solution m in O is said to be analytic if 
the functions z —^ u{z\r) and z —>■ dru{z\r) are analytic in O for any r G (a, b). A 
g-solution u in O is said to be nonvanishing if u(z) ^ 0 for every z G O and is said 
to be real if u{E) is real for every E G O DM.. 

Definition 12. A triple {q, Y, u) is called an expansion triple if g is a real locally in- 
tegrable function on (a, 6), F is a right boundary space, and u is a real nonvanishing 
analytic g-solution in C satisfying the following conditions: 

1. u(z) G for all z G C and 

2. there exists A G K such that Wa{u{E) , u{z)) = 0 for all z G C. 


Lemma 13. Let t = (q, Y, u) be an expansion triple, 
boundary space A* such that u{z) G for all z G C. 

q,u(E) 


Then there is a unique left 
For every if G K., we have 


Proof. Let E G M. and A be a left boundary space containing u{E). By (|3T]l 
and condition (1) in Definition [51 we have A C T^^qu{E)- other hand, if 

9 e '^[,u{EY then we have Wa{f,g) = 0 for every f G X because F^q^uiE) is a 
left boundary space by statement 3 in Proposition [51 In view of condition (2) in 
Definition ini we conclude that g G X and hence A = u(e)- This implies that A* 

(if it exists) is unique and equal to for all E gM.. By (1511) and Definition [T51 

there exists if G K such that u(z) G for all z G C. This proves the existence 

of A‘. ’ □ 


Let t = (q, Y, u) be an expansion triple, u be a real analytic g-solution in C such 
that W{u{z), u{z)) ^ 0 for every z G C, and be a nonvanishing analytic q-solution 
in C such that viz) G Y for all z G C+ (such u and v always exist; see Lemma 2.4 
in [5] and Lemma 9.8 in M)- Then W{v{z),u{z)) ^ 0 for every z G C+ because we 
would otherwise have u{z) G A*nF and hence the self-adjoint operator Lq{X'-r\Y) 
would have an eigenvalue in C+. We define the analytic function in C+ by the 
relation 


(34) 


A/fllz'l = 1 W{v{z),u{z)) 

“ TT W{v{z),u(z))W{u{z),u(z)) 


0}. 


®As usual, C+ denotes the open upper half-plane of the complex plane: C+ = {2 G C : Im 2 > 
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(this definition is obviously independent of the choice of v). Following [ 8 ], we call 
such functions singular Titchmarsh-Weyl m-functions. Below, we see that it is 
sometimes useful to consider ^-solutions u that are defined on an open set O G <C 
other than the entire complex plane. In that case, we assume that Alf is defined 
on O n C+. 

Let L|(a, 6 ) denote the subspace of L 2 {a,b) consisting of all its elements van¬ 
ishing A-a.e. outside some compact subset of (a,b). The next proposition gives a 
way of constructing eigenfunction expansions for self-adjoint extensions of Lq with 
separated boundary conditions. 


Proposition 14. Let t = {q, Y, u) be an expansion triple. Then the following 
statements hold: 

1. There exists a unique positive Radon measure cr on R (called the spectral 
measure for i ) such that 


J (fi(E) Im M\^{E + ir]) dE ^ 


<p{E) da{E) (q j. 0) 


for every continuous function tp on M. with compact support and every real 
analytic q-solution u in <C such that W{u{z),u{z)) 7 ^ 0 for every z € <C. 

2. Let a he the spectral measure for t. There is a unique unitary operator 
Lf: L 2 {a,b) —>■ L 2 (R,(t) (called the spectral transformation for t) such that 

{Utfj){E)=f u{E\r)tf{r) dr, if £ L^{a,b), 

J a 

for a-a.e. E. 

3. Let a and U be the spectral measure and transformation for i, and let the 
left boundary space be as in Lemma\l^ Then we have 

LqiX^nY) = u-^Tf’U, 

where l is the identity function on M. 

4. Let a be the spectral measure for t, O C C be an open set, and u be a real 
analytic q-solution in O such that W(u(z), u(z)) 7 ^ 0 for every z € O. Then 
we have 

f ip{E) Im Xi\,{E-\-iq) dE ^ ( ip{E)da{E) (77 i 0) 

J supp J OnM 

for every continuous function (p on O fl M with compact support (supptp 
denotes the support of (p). 


Proof. Statements 1-3 are a straightforward reformulation of the corresponding 
results in [ 8 ] in the language of boundary spaces. Let O and u satisfy the conditions 
in statement 4 and 0 be a real analytic g-solution in C such that W{u{z), 9{z)) 7 ^ 0 
for every z £ C. Substituting fi = u{z), f 2 = v{z), fs = u{z), and f^ = 9{z) in (IMl) 
and dividing the result by nW{u{z), v{z))W{u{z), 9{z))W{u{z), u{z)) yields 


Mi(z)=MUz) 


1 W(u(z),9(z)) 

TT W(u(z), 9(z))W(u(z), u(z)) 


for any z £ O H C+. Statement 4 now follows from statement 1 because the last 
term in the right-hand side is analytic in O and real on O fl R. □ 
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Corollary 15. Let a and U be the spectral measure and transformation for an 
expansion triple t — {q,Y,u). Then we have 

(35) {U~^ip){r) = J u{E\r)ip{E)da{E), ip€L^{R,a), 

for X-a.e. r € (a, b). Ifa{{E}) ^ 0 for some E gM., then [m(£’)] is an eigenfunction 

ofL.ix^nY). 


Proof. Given (p G and r G {a,b), let (f{r) denote the right-hand side 

of (1551) . By statement 2 in Proposition [TU we have 


/ rb nb 

da{E)tf{E) / 'f{r)u{E\r) dr = / 'tjj{r)(p{r) dr 

J a ^ a 


for any if G L 2 {a,b), whence (1551) follows. In particular, we have U~^[x{e}\(t = 
a{{E})[u{E)], where X{e} is the characteristic function of the one-point set {E}. 
By statement 3 in Proposition [TU this implies that [u(l?)] is an eigenfunction of 
Lg{X'-nY) a a{{E}) ^0. □ 


Remark 16. While the above proof of Proposition iMl refers to [8], this result can 
also be easily derived using Kodaira’s general approach |13] based on matrix-valued 
measures. Indeed, if we set si( 2 ;) = u{z)/W{u{z),u{z)) and S 2 {z) = u{z) for 
z G C, then the only nonreal entry M 22 {z) of the characteristic matrix M defined 
by formula (1.13) in [T3] is equal to 7rAl|(z) and statements 1-3 in Proposition [T51 
hence essentially coincide with Theorem 1.3 in m in this case. The simple direct 
proof given in [5] employs a single m-function and does not involve matrix-valued 
measures. It essentially relies on the technique developed in [^, where potentials 
in the l.p.c. at both endpoints were considered (a treatment in the same spirit for 
the l.c.c. at one of the endpoints can be found in US]). A similar approach to 
finding spectral measures was also proposed in [S] in the context of the Schrddinger 
equation with the inverse-square potential. 

If q is locally square-integrable on (a, b), then formulas (l28l) and (|29)) imply that 
the space (7“ (a, b) of smooth functions on (a, b) with compact support is contained 
in and Lq is an extension of Lq{C^{a, b)). The proof of the next lemma is given 
in Appendix [BJ 

Lemma 17. Let q be a real locally square-integrable function on {a, b). Then Lq is 
the closure of Lq{C§°{a,b)). 


3. Eigenfunction expansions for inverse-square potential 

We now assume that a = 0 and b = oo and apply the above general theory 
to the potential given by ([Sj). It follows immediately from (|3]) and (1571) that 
hf^ = Lq^{C^{R+)). In view of dH) and Lemma [T71 this implies that 

(36) hf ^ = Lq ^, K G K. 

The equation Iq^f = 0 has linearly independent solutions tor k 0 and 

and logr for k = 0. We conclude that by statement 4 in Proposition 15] 

1 . q^ is in the l.p.c. at both 0 and oo for real n such that |/c| > 1 and 

2 . (Jk is in the l.p.c. at oo and in the l.c.c. at 0 for —1 < k < 1 . 
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Hence, the operator is self-adjoint for |k| > 1 and has multiple self-adjoint 
extensions for — 1 < k < 1 . 

For any k G C, let the map u'^: C —>■ 2? be defined by ©• By (HOI) , we have 

(37) Iq^^zU^'^iz) = 0, z,kGC. 

In what follows, we systematically use notation (I15p for the complex plane with 
a cut along a ray. We let log denote the branch of the logarithm in C 37 r /2 satisfying 
the condition log 1=0 and set for all x G C 3^/2 and p G C. 

For any k G we define the map n”: C 37 r /2 2^ by the relation 

(38) i;«( 2 |r) = r G R+, ^ G € 3 ^/ 2 , 

where is the first Hankel function of order k. Because is a solution of the 
Bessel equation, we have 

(39) lq^,zv^{z) = 0 

for every z G C 3 .n ./2 and k G <C. It follows from the relation H^l = 

(formula (9) in Sec. 7.2.1 in [12]) that 

(40) v~'^{z) = v'^{z), K G C, z G € 3 ^/ 2 - 

The well-known asymptotic form of (C) for C —>■ c» (see formula (1) in Sec. 7.13.1 
in [ 12 ]) implies that 

(41) v'^{z\r) ^ 2~^y/Tr{i + l)z“^^"^e*^ ^ r —>• 00 , 

for every k G C and z G C 3^/2 and hence v'^{z) is right square-integrable for all 
K G C and z G C+. Using the expression for the Wronskian of Bessel functions 
(formula (29) in Sec. 7.11 in [H]), 

(42) VF.(J.,i2W) = —, 

TTZ 

and taking (PD|l into account, from (O, (O, and ([55)). we derive that 

(43) lU(z;''(z), u'^(z)) = 2 -«/ 2 e*W 2 ^ lF(i;'"(z), ^-'‘(z)) = z'^/ 2 e-iW 2 

for any k G C and z G C 3 ,n./ 2 - 

Lemma 18. Let k > —1. Then u^{z) is a nontrivial element of for every 
z G C, and we have Wo(u'^(z), m'‘(z')) = 0 for all z,z' G C. 


Proof. Because k > —1, it follows from © that m'^(z) is left square-integrable for 
all z G C. In view of (1571) . this implies that it'^(z) G 21^^ for all z G C. By ([7]), u^{z) 
is nontrivial for z ^ 0 because otherwise would be identically zero. Because 
M'"(0|r) = 2-'"a/2+'=/F(K -f 1) by (O and ([5]), we conclude that m”(0 ) is nontrivial 
for K > — 1. By 0 and (1^ . we have 


Wr{u^{z),u'^iz')) 


2r'^+'^^{z'X^{r^z)X;^{r^z') - zXf{r^z)X^{r^z')) 


and hence lFo(ti''(z), m”(z')) = 0 for all z,z' G C. 


□ 


By (l37l) . u'^ is a real analytic ^K-solution in C for every k G K. Because is 
in the l.p.c. at oo, 21^^ is a right boundary space for all k G K. Definition IT^ and 
Lemma m therefore imply that U = is an expansion triple for every 

K > — 1. Let CTk denote the spectral measure for U. 
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Lemma 19. Let k > —1. Then = Vk, where Vk, is the measure on R defined 

by dill)- 

Proof. By (l38l) . ([39]), and gID, is a nonvanishing analytic gK-solution in C 3^/2 
such that v'^{z) G for every z S C+. Let fti be the restriction v'^\o of u” to the 

domain O = {z £ C : Rez < 0}. In view of (|38l) . we have ui{E) = |) 

for E < 0, where is the modified Bessel function of the second kind of order k 

(formula (15) in Sec. 7.2.2 in [l2]). Hence, ui{E) is real for E < 0. By (l4^ . we 

have W {ui{z), u'^ {z)) ^ 0 for all z GO. Substituting t = t^, = ^”10+) and u = ui 

in (IMl) yields Al‘{((z) = 0 for all z G OnC+. By statement 4 in Proposition [T31 we 
conclude that a^, vanishes and hence coincides with Vk on (—c»,0). Let the map 
U 2 : Ctt ^ P he given by U 2 (z\r) = r^''^YK{rz^^'^), where Yk is the Bessel function 
of the second kind of order k. We have lq^,zU 2 {z) = 0 for any z G because 
Yk satisfies the Bessel equation, and U 2 is therefore an analytic ( 7 „-solution in Cjr. 
Because is real for positive real arguments, U 2 {E) is real for E > 0. Because 
El^^ = JkV LYk, it follows from (1^ that 

Wz{Jk,Yk) = Wz{hI^\Yk) = -iWz{Jk,H^k'^) = —. 

'KZ 

By dZj), (0), and dSlI), we obtain W (z), ii 2 {z)) = 2 z-^/^I-k ^ 0 for z G 
and W (z), U 2 {z)) = for z G C+. In view of (H51) . substituting t = t^, 

V = 'c"^|c+, and u = U 2 hi (I34|) yields 

Mt{z) = —, ZGC+. 

Statement 4 in Proposition[T4|therefore ensures that CTk coincides with Vk on (0, 00 ). 
It remains to note that crK({0}) = 0 because otherwise u''(0) would be square- 
integrable by Corollary [121 D 

Proof of Theorem [TJ It follows from statement 2 in Proposition [14] and Lemma [19] 
that the operator Uk exists and is equal to the spectral transformation for t^. 
Statement 1 in Proposition [S] statement 3 in Proposition m formula (1521) . and 
Lemma[T9|therefore imply that UE^T^'^Uk is a self-adjoint extension of For k > 
1 , Lk is self-adjoint and hence coincides with its self-adjoint extension U^^T^'^Uk. 

□ 

Remark 20. As mentioned in Sec.[l] the operator Uk essentially coincides with the 
Hankel transformation. In ISi, where this transformation was treated similarly, 
the second solution u used to calculate the spectral measure was required to be 
globally defined. This required distinguishing between integer and noninteger values 
of At. Using a locally defined u in the proof of Lemma fT^ allows treating all values 
of K uniformly. 

Given k, G and 1 } G C, let the map : C —^ 27 be defined by (fT^ and (fT^ . 
Because is satisfied for uf){z) in place of u^^{z) (see Sec. [T|), we have 

(44) /g^^zMO(z) = 0, nGff, i7,zGC. 

By (IT^ and (l43l) . we have 

^ — kI2At:kJ2 

(45) W{v^{z),u%{z)) =-;-(sin(79 + sin(79 - d^)) 

SinTTAC 
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for all At € {0}, i9 e C, and 0 G C 3 ^/ 2 . By Lemma[2l k —>■ W(v'‘(z),u!^(z)) is an 

analytic function in for fixed d and z and we can therefore find W(v^(z),u^(z)) 
by taking the limit k —^ 0 in (I45I) . As a result, we obtain 

(46) = cosd + (t — 7r“^ logz) sind, £ C, z G C 37 r/ 2 - 
For every k G ^ and z G C, we set 

(47) u;'‘(z) = 

where is given by ([14]). It follows from (1121) and (IT^ that 


(48) 

(49) 


, W'‘(z) COSTTK - M '‘(z) 

w ( 2 ) = —^ k €^\{ 0 }, 


SinTTAt 


u;°(z|r) = - 
TT L 


(^log ^ + 7 ) u°{z\r) - ^/ry(r^z) 


r G 




for every z G C and 

(50) uj)(z) = m”(z) cos(i? — i?„) + w”(z) sin(i? — 
for all K G ^ and 'd,z By (H^ and (HTl) . we have 

(51) lq^^zw'^{z) = 0, K € ff, z € <C. 


Lemma 21. Let —1 < k < 1. Then u'^{z), w'^ {z) G 22^^ for every z G C, and 
Wo{w^{z),w^{z')) = 0, Wo{u^iz),w^{z')) = - 

TT 

for every z,z' G C. 


Proof. Because is in the l.c.c. at 0 for —1 < k < 1, statement 4 in Proposition [5] 
and equalities (EZD and m imply that u'^(z),w'^(z) G T>q^ for every z G C. Given 
z G C and — 1 < At < 1, we define a smooth function a” on R by setting a”(r) = 
A’„(r^z), where is given by ([5]). For r G R+, we have u'^{z\r) = r^/^+'^a”(r). In 
view of (1251) . it follows that 

Wr{u^iz),u-^iz')) = rWria^^afP) - 2At<(r)ajA(r) 

for every r G M+ and z, z' G C. Because 0 ^( 0 ) = 2“''/F(l + At) for any z G C, 
we obtain IFo('«'‘(z), u“”(z')) = —2sinTr/t/Tr. The statement of the lemma for 
0 < I At I < 1 now follows from (|i5|) and Lemma HH Given z G C, we define the 
smooth function on R. by setting 

Ur) = h-log2)XoUz)-yUz). 

By (|4^ . we have 

■nw^{z\r)/2 = logra°(r) + r^^'^hz(r) 

for every r G R+. In view of (l?5]) . it follows that 
^WrU{z),w\z')) = rIT, (a° M+r log rIT, (a°, a°,) + < ir)a°, (r), 

UWriw^ {z),w° {z')) = rlog^rIIA(a°,a°/) + rlogr(IIA(a°,62') + Wr{bz,a°.,))+ 

+ rWribz,bz') +5z(r)a°,(r) - a^Ubz'U 

for every r G R+ and z, z' G C. Because a°(0) = 1 and 62 ( 0 ) = 7 — log 2 for any 
z G C, these equalities imply the required statement for At = 0. □ 
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In view of (l37ll and (|5T1) . Lemma [2T] implies that 

(52) IL(u"(z),a;"(z)) = - 

TT 

for every z G C and — 1 < k < 1 (and hence for all z G C and k G ff), and it follows 
from (150)) that 

(53) VL(m5(z),m5_^/2(z)) =i?,zGC, kG^. 

' TT 

Let — 1 < K < 1 and d G M.. By (HOI) and (1551) . u'g is a real nonvanishing 
analytic g^-solution in C. In view of (1501) . Lemma 1181 and Lemma m we have 
u^(z) G for all z G C and Wo{u^{z),u^{z')) = 0 for all z,z' G C. Because 
is a right boundary space, it follows from Definition [TOl that is 

an expansion triple. Let denote the spectral measure for 


Lemma 22. Let —1 < k < 1 and i? G M. Then = Vk,,?, where Vk,i? is the 
measure on K defined by formulas (USD-dSIl). 


Proof. By (1551) . ((501) . and (IQTl) . i;” is a nonvanishing analytic ^K-solution in C 3 ,r /2 
such that v'^{z) G for every z G C+. Let the meromorphic function in 

C 3 .n -/2 be defined by the relation 


(54) 


lW{v^{zful_^/fz)) 


W{v<^{z),n%z)) 

Substituting t = and v = ii'^|c+ in (1501) and taking (1551) into account, we 
conclude that coincides on C+ with the singular Titchmarsh-Weyl m-function 


for u = u. 




By statement 1 in Proposition 1141 we have 


(55) / ip{E) duK, ^{E) = Vaa. / ip{E)lm../^K ^{E + ir]) dE 

for any continuous function on R with compact support. We note that (Tk,^({ 0}) = 
0 because otherwise u^(0) would be square-integrable by Corollary[T51 It therefore 
suffices to show that and Vk.'S coincide on the intervals (—oo, 0 ) and ( 0 ,oo). 
This can be easily done using representation (|55|) for ctk.iJ- Because the explicit 
expressions for differ for 0 < |k| < 1 and k = 0 , we consider these cases 

separately. 


1. The case 0 < |k| < 1: In view of (1451) and (154)) . we have 


1 cos(i? + d„) - e 
t,u(z) — „ 


''■z^ cosfd — t9k) 


'-n-.i/v y 2 sin(i? + i?„) — e sin(i? — !?„) 

It is easy to see that has no singularities on (0,oo) and 


Im.^„_.^i(£’) = 


sm TTK 


2 E~'^ sim d+ — 2 cos ttk sin sin!?_ + E'^ sim i9- 


E>0, 


where i?± = d ± By ()T6l) . (ITTl) . and ()55l) . we conclude that 0 -^, 1 ? coincides with 
on (0,oo). For d G [— Id^l, |i?k|] + ttZ, .^^^,1) is real on (— oo,0) and has no 
singularities on this set. Formula (155)) therefore implies that is zero on (— 00 , 0) 
for such d. If i? G (Ii^kIiT — |i?k|) + ttZ, then has a simple pole at the point 

Ek.-s given by (1181) and, hence, is representable in the form 

■^K.siz) = g{z) + —-, 
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where g is a function analytic in C 3^/2 and real on {—oo, 0 ) and 

sin7rK|i?„,^| 


It therefore follows from (l5^ that is equal to ttASe^^j, on (— 00 ,0). Hence, 
coincides with Vk,^ on (— 00 , 0 ) for all d. 

2. The case k = 0: In view of (j46p and (|54|) . we have 

, . I (i — 7 r“^ logz) cosd — sini? 

^ 2 cosi? + (i — 7 r“i logz) sini?' 

It is easy to see that ^ 0 , 1 ? has no singularities on (0,oo) and 


Im^o,i?(^^) = 7 : 


2 (cos'd — log i? sin'd/ 7 r )2 + sin^ 1 ? ’ 


E>0. 


By (fTOll . (1^ . and (1551) . we conclude that cto.i? coincides with Vo,^ on (0, 00). For 
d G ttZ, ^0,1? is real on (—00, 0) and has no singularities on this set. Formula (1551) 
therefore implies that cro,i? is zero on (—c»,0) for such d. If d ^ ttZ, then ^o,9 has 
a simple pole at the point given by ( 1201 ) and is hence representable in the form 


^0,9(2) = g{z) + 


A 


Eo,^ - z 


where 5 is a function analytic in C 3^/2 and real on (—c», 0 ) and 

7r|i?o,i3| 


A = lim (F1 o,i9 — z)^o,i9(z) = 


z —^ £/ 0 , 1 ? 


2 sin^ d 


It therefore follows from (1551) that cro,i 5 is equal to ttASeo^^ on (—oo,0). Therefore, 
cro,i 5 coincides with Vq,^ on (—oo, 0 ) for all d. □ 


Proof of Theorem [31 It follows from statement 2 in Proposition [T3] and Lemma [33] 
that the operator exists and is equal to the spectral transformation for 
Statement 3 in Proposition 1141 and Lemma 1331 therefore imply that is equal to 
nDg^). By statement 1 in Proposition [ 8 ] and formula (1361) . we conclude 
that is a self-adjoint extension of /i^- In view of Lemma fT31 and (1321) . we have 

(57) = 

By (150)) and (153]) . every real f GV satisfying l^^f = 0 is proportional to uj}(0) for 
some d S K.. By Lemma [TT] and formulas (130)) and (EZD, it follows that every self- 
adjoint extension of is equal to for some d £ K. Let d, d' G M. By LemmafTT] 
and dm, we have if and only if 11 ) 3 ( 0 ) = 011 ) 3 /( 0 ) for some real c 0 . 

In view of (1501) and (1531) . the last condition holds if and only if d — d' £ ttZ. □ 


Remark 23. We note that the function given by is real not only for real k 
but also for imaginary k. A complete description of eigenfunction expansions in 
this case can be found in [9]. It is easy to see that remains 

an expansion triple for imaginary n and the spectral measure for ,3 can again be 
calculated using formulas (1551) and (1551) . An analogue of Theorem [3] for imaginary 
K can thus be obtained. 
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4. Continuity of spectral measures 
In this section, we prove Theorem |4l 

Let the continuous function $ on (—1,1) x R+ be defined by setting 


(58) 


^{k,E) = -i2i^sinc 


log , 


TT sinc(7rK) 

where the entire function sine is defined by the equality 

'C"^sinC, CeC\{0}, 


sincC = 


1 , 


C = o. 


It follows that 

(59) $(k,l;) = 


— logi?/7r, K = 0, 

(sin7rK)-i(L;-«/2 - L;«/2), 0 < |k| < 1. 


For every i? S K and — 1 < k < 1, we define the function on R+ by the formula 

(60) (F;) = 2 + $(k, F;)2(1 - cos 2d cos ttk) + $(k, sin 2d. 

It follows from (HB, (EB, and (15^)) by a straightforward calculation that 

(61) dK.^(F;) = t,,i,{E)-^Q{E) dE 

for all d € R and — 1 < k < 1. By the Cauchy-Bunyakovsky inequality, we have 


I — c cos 2d + d sin 2d| < \/+ d? 
for any c, d G R. Applying this bound to c = $(k, E)"^ costtk and 

d = $(k, f;)(f;-”/2 + f;'"/^) = $(k, e)^J<^>{k,eYs\iv^ ttk + a, 


from (ISni) . we deduce that tf^^s{E) > /($(«;, Fl)^), where f{y) = 2 + y — + 4?/, 

y >0. Because 


fiy) = 


> 


2 + d + + 4y 2 + y 


y > 0, 


we conclude that tK,^(Fl)“^ < 1 + $(/c, Fl)^/2 for all FI > 0, —1 < k < 1, and d G R. 
By (l58l) . the function k —>■ <!)(«;, E)'^ is even and increases on [0,1) for every FI > 0. 
Let 0 < a < 1. In view of (l5^ . it follows that 


(62) 


UAE)-^ < 1 + ^4>(a, Ef < —4 —(f;“ + f;-“) 

z 2 sin ira 


for all FI > 0, d G R, and —a < k < a. Let be a bounded Borel func¬ 
tion on R with compact support and B = (—1,1) x R. Because the function 
(k, d) —>■ tK.^^{E)~^(p{E) is continuous on B for every FI > 0, relations (l6T]) and (l62l) 
and the dominated convergence theorem imply that (K,d) —>■ f ip{E) dVK^^{E) is a 
continuous function on B that is bounded on [—a, a] x R for every 0 < a < 1. Let 

B' = {(K,d) G B : d G (Id^ljTr- |d„|) -|-7rZ}. 

It follows from (IT6l) and (fT^ that 

[ ipiE)dV.AE)= f AE)clV,AE)+b^iKA). 
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where the function b^p on B is defined by the relation 


(63) 


bpiK,^) 


( I>(k, (k,!?) g b', 

\ 0 , {k,^)gb\b', 


and the continuous function $ on (—1,1) x R_|_ is given by 




—iilTr^ sinc(7rR) 





For every («:,i?) G S', we have | coti?tanilK| < 1, and it follows from (fTSl) and (l20l) 
that 

TT cot 

- -^ sinc(i?K)g(cot'dtani?„ 

2 cos 17 k 


= - exp 


where 5 is a continuous function on (—1,1) such that g{y) = y~^ log((l+i/)(l—1/)“^) 
for y ^ 0 and g{0) = 2. Hence, (k,i?) —7 i?K,i7 is a continuous function on B', and 
bp is therefore a Borel function on B. Estimating $(k, E)^ as above, we obtain 


IT^ E 

(64) $(k,f;)<—^—(£;“ + f;-“), (k,f;) g [-«,«] x r+, 

2 sin 7ra 

for every 0 < a < 1. In view of (1631) . this implies that bp is bounded on [—a, a] x R 
for every 0 < a < 1. To complete the proof, it remains to show that bp is continuous 
on B ii ip is continuous. Let —1 < k < 1. It follows from (IT^ and (l20ll that |Ek,^| 
strictly decreases from 00 to 0 as i? varies from |i?k| to tt — |i1k|. Hence, for every 
E > 0, there is a unique te{k) G (Ii^kIjTt — Ii^kI) such that = E. The 

continuity of in («;,i9) implies that te is a continuous function on (—1,1) for 
every E > 0. Let ,5 > 0 be such that ip{E) = 0 for every E < —p. Given 0 < a < 1 
and 0 < (5, we define the open subset Ba^s of B by setting 


Ba,s = {(k, 1?) G {—a, a) X R : 1? G { ts { k ) — tt, T/3 (k)) + ttZ}. 
If (5 < 1, then it follows from (IM|l and (l64l) that 

\bpiK,'d)\ < - sup \ip{E)\, (r,i9) G Ba^s- 

sm Tra egR 


Given (k, ■&) £ B\B' and e > 0, we pick an arbitrary a G (|k|, 1) and choose J > 0 
so small that the right-hand side of the last inequality is less than e. Then B^^s is 
a neighborhood of (r, 1?) where the absolute value of bp is less than e. This proves 
that bp is continuous at every point oi B\B'. Because bp is obviously continuous 
on B', the theorem is proved. 


Appendix A. Proof of Lemma [2] 


Let Log be the branch of the logarithm in satisfying Log 1 = 0 and p be 
the analytic function in C x Ctt defined by the relation p{K,r) = (hence 

p{K,r) = for r G R+). Let G be the analytic function in C x C x C^n- such 
that G{K,z,r) = _p(l/2 -|- K,r)Xf^{r'^z) for all k,z £ C and r £ C^. We then have 
G{K,z,r) = u'^{z\r) for all k,z £ C and r £ R+. We define the function E on 
X C X C X Ctt by setting 


F(k, ■).», r) = + <I.)-G{-K.^.r) sin(^ - ^.) _ 


SinTTAC 


i^(0, dj Zj r) = G(0, 2:, r) cos'd H— 

TT L 


(hog ^ + 7 ) G(0,0, r) - p(l/2, r) y{zr'^) 


sini? 
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for every z,!) G C and r G Ctt- It follows immediately from ([T^ . (fT^ . and the 
definition of F that F{K,-d,z,r) = u'^{z\r) for every i), z G C, k G and r G K+. 
The function {■&, z, r) —>• F{k, d, z, r) is obviously analytic in C x C x C,r for every 
fixed K G The function k —>■ F{K,'d, z,r) is analytic in ^ \ {0} and continuous 
at At = 0 (this is ensured by the same calculation as used to find the limit in (fTSll l 
and is therefore analytic in for every fixed i9,z G C and r G Hence, F is 
analytic in ^ x C x C x C,r by the Hartogs theorem. 


Appendix B. Proof of Lemma [m 

Let T = Lg(C^(a,b)). Because Lg is closed, it suffices to show that T* = L*. 
For this, we only need to prove that Ft* C Ft* because Lg is an extension of T 
and T* is hence an extension of L*. By (1501) . Ft* consists of all elements \g\ with 
g GVq. Therefore, for every (p G Ft*, we must find g GVg such that (p = [g\. Let 
Ip = T*p. We then have 

{T[f\,P) = {[fU), fGC^{a,b). 

Because {T[f]){r) = —f"{r) +q{r)f{r) for A-a.e. r € (a, &), we obtain 

-[ f”{r)(p{r)dr= f f{r){tp{r)-q{r)p{r))dr, fGC^{a,b). 

J a J a 

Because both q and (p are locally square-integrable on {a,b), the function qp is 
locally integrable on (a, b). We choose c G (a, b) and define h gV hy setting 

dp (Pit) - q{t)p{t))dt. 

We obviously have h"{r) = ip{r) — q{r)p{r) for A-a.e. r G (a, &). Integrating by 
parts, we obtain 



f{r){ip{r) — q{r)p(r)) dr = / f"{r)h{r)dr 


and therefore 

[ f''{r){p{r) + h{r))dr = 0, fGC^{a,b). 

This means that the second derivative oi p + hh\ the sense of generalized functions 
is equal to zero. Hence, there are A,BgC such that p{r) + h{r) = Ar + B for 
A-a.e. r G (a, 6). Let g G V he defined by the relation g{r) = Ar B — h{r), 
r G (a, b). Then we obviously have [g] = p. Because g"{r) = —p{r) + q{r)p(r), we 
have (lgg)(r) = ppr) — q{r)p(r) + q{r)g(r) = 'p{r) for A-a.e. r G (a, b) and therefore 
Igg = p. This implies that both g and Igg are square-integrable and hence g GVg. 
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